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1. INTRODUCTION AND DEF IN IT IONS 
Multiple hypergeometric functions (that is, hypergeometric functions in several variables) occur 
naturally in a wide variety of problems (see, for details, [1, p. 47 et seq., Section 1.7]). In 
particular, the Lauricella function F (r) in r variables, defined by (cf. [2]; see also, [1, p. 33, 
equation 1.4(1)]) 
F(A r) [a, b l , . . . ,b r ;  c l , . . . , c r ;  Xl . . . . .  xr] 
O~ Tytl ,/nT. 
: :  E (a)m,+...+m,.(bl)m,...(br)m~. x 1 x r 
m~ ..... m~=o (cl),n,. . .  (er)m,. rnl! " ' "  mr! (1) ( r(),+.~)) 
Ix1[ +- . .  + Ixrl  < 1; (A)m . -  F(A) 
together with its special case when r = 2 (namely, the Appell function F2) arise frequently in 
various physical and quantum chemical applications (cf., e.g., [1, pp. 49-50 and 293]). 
The present investigation was supported in part by the Natural Sciences and Engineering Research Council of 
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Motivated essentially by the aforementioned occurrences of multiple hypergeometric functions, 
we aim here at applying some rather elementary techniques with a view to deriving a number of 
summation formulas associated with the Lauricella function FA (~) and its familiar generalizations. 
We also consider several (known or new) consequences of these summation formulas. 
2. A F INITE SUM INVOLVING t~F~t, ) 
The classical Laguerre polynomials L(n ~) (x), given explicitly by [3, p. 220, equation 112(1)] 
L(n~)(x) = (a + n) iFl(-n;a + (2) 
in terms of the (Kummer's) confluent hypergeometric function 1F1, are known to possess the 
generating function [3, p. 202, equation 113(4)]: 
E L(a)(x)tn : (1 - t )  -a-1 exp -~h--~ ' (It[ < 1). (3) 
n----O 
Replacing a in (3) by a + ~ + 1, we readily obtain 
~=o L(~+~+l)(x)tn= (n=< L(~)(x)t~) (n=< L(~)(x)tn ) , (4) 
which, upon interpreting the right-hand side as a Cauchy product, immediately ields the follow- 
ing well-known identity for the Laguerre polynomials (cf., e.g., [4, p. 321, Entry (48.21.4)], where 
many earlier references are also provided): 
n 
E m(~) (3~) (~) m(~+~9+ 1) (x L~_k(y) = + y). (5) 
k=O 
Next, we recall an interesting integral representation for the Lauricella function F (r) in the 
form [1, p. 285, equation 9.4(35)]: 
FA (r) [a, bl,...,br; O, . . . , c~;  X l , . . . ,X r ]  
/0 F(a) LCl; LCr; 
(~}~(X 1 ÷ ' ' "  ~-Xr) < 1; ~}~(a) > 0), 
(6) 
which clearly exhibits the fact that the Laplace transform of a product of r 1F1 functions can be 
expressed in terms of the Lauricella function FA (~). 
In view of the 1F1 representation (2) for the Laguerre polynomials, it is easily seen from (5) 
(with, of course, a --/9 -- 0) and (6) that 
~-~ F(A T) [a, -k, -n + k, b3, . . . , bT; 1, 1, ca,..., c~; xl .... , x~] 
k=O 
: (n÷ 1)F  ( r - l )  [a , -n ,  b3, . . . ,br ;2,  c3, . . . ,Cr ;X 1 ÷X2,X3 , . . . ,X r ]  ,
(Ixll +""  + [x~l < 1), 
(7) 
which expresses a finite sum of a special Lauricella function F (r) as a lower-order Lauricella 
function F (r-D.  
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For the Appell function F2, a special case of (7) when r = 2 yields the finite summation 
formula: n 
EF2 [a , -k , -n  + k; 1, 1;x,y] = (n + 1)2F1 (a , -n ;2 ;x  + y), (8) 
k=0 
which is presumably new. We remark in passing that (8) cannot be derived from the special case 
(t = 0 of the following known summation formula due to Srivastava [5, p. 1088, equation (1.5)]: 
k F2[a , -k , -k ;a+l ,a+l ;x ,y ]  
k=0 (9) 
where x ~-~ y indicates the presence of a second term which originates from the first by interchang- 
ing x and y (see also [6-8] for further generalizations of (9) involving two and three variables, 
and Section 4 below for its multivariable generalizations). 
For x = y = 1/2, the Gauss hypergeometric function occurring on the right-hand side of (8) can 
be evaluated by appealing to the Chu-Vandermonde summation theorem [3, p. 69, Exercise 4], 
and we thus have the summation formula: 
F2 a , -k , -n+k;  1, 1; ~, = nf 
k=0 
(10) 
which, for a = 1, assumes the elegant form: 
F2 1, -k ,  -n  + k; 1, 1; ~, = 1. (11) 
k=0 
By iterating the method of derivation of the summation formula (7), based upon the identity (5) 
~tnd the integral representation (6), we can obtain the following generalization of (7): 
;'21 Y~,~ 
E ' "  E F(A2S)[a, - -k l ,  - -n l  Jr- k l , . . . , - - ks ,  --Tls Jr- ]~s; 1 , . . . ,  1; 3:'1, . . .  , '~2s] 
kl =0 k~ =0 
= (~1 + 1) . . . (n~ + 1)F~ (s) [a, -n~, . . . ,  -~s ;  2 , . . . ,2 ;~1 +~,  x~ +x~, . . .  ,~ ,_~ + :~1,  
(12) 
which, for s = 1, corresponds to (8). 
3. THE LAURICELLA FUNCTION F(A 2s) AS AN s -FOLD SUM 
By interpreting the first two 1F1 functions occurring on the right-hand side of (6) as a Cauchy 
product, it is easily seen from (6) that 
F(A r) [a, b l , . . . ,b r ;c l , . . . , c~;x l , . . . ,x , - ]  
oo (a )m(b l )mX~ F2 I - re '  1 -c l -m,  52; ___  
= E (Cl)m m!3 k 1 - bl - m, c2; 
rn=O 
-F(A r-2) [a + m, b3, . . . ,br ;ca, . . . ,c~;x3, . . . ,x~] 
(Ix~l +. . .  + Ix, I < I), 
x21 
Xl (13) 
which expresses the Lauricella function F i  r) as a series of the lower-order Lauricella func- 
tions F(A ~-2) .
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More generally, by iterating the above process, (6) would finally yield 
F (2s) [a, bl , . . . ,  b2~; Cl, . . . ,  C2s; X l , . . . ,  2~] 
(b2j-1)mj x2j-1 
E (a)m'+'"+m" (C2j- 1)rn j 7nj! ml ,...,ms ~0 j= '  
l c jl b2j x2j } 
1 - b2 j - ,  - m j ,  c2j; x2 j -  1 ' 
(14) 
([Xl[ + ' "  + [x28[ < 1), 
which indeed provides the desired s-fold sum for the Lauricella function F(A 2s). 
In its special case when r = 2, the summation formula (13) can easily be rewritten in terms of 
the Appell function F2. We thus obtain the known result [9, p. 181, problem 38(ii)]: 
(cOm(/~)mxm [_m,  1 -7 -m,  /Y ; _Y ]  
F~ [a, j3,/~'; 7, 7'; x, y] = E (7)m m! 1 - /3  - m, 7'; ' (15) 
m~0 
(Pxl + M < 1), 
which is contained in a much more general formula [9, p. 156, equation 2.6(58)] in the theory of 
generating functions. 
4. MULT IVARIABLE  EXTENSIONS 
OF THE SUMMATION FORMULA (9) 
In terms of the Lauricella function F (r), Srivastava's ummation formula (9) can easily be 
generalized in the form: 
k=O 
_ (16)  (o~ -1- 1)n+1 x2) - i F i  r) [a -n , -n  n!(a - 1) (xl - - 1, - 1, b3,..., br; 
a+ 1 ,a+ 1, C3, . . . ,C r ;X l , . . . ,X r ]  ~-X 1 ~'~ X2, 
where, just as in (9), xl ~-* x2 indicates the presence of a second term which originates from the 
first by interchanging Xl and x2. 
For xj = 0 (j = 3 , . . . ,  r), equation (16) reduces immediately to Srivastava's summation for- 
mula (9). Moreover, (16) with r = 3 is substantially the same as another generalization of (9) by 
Srivastava [8, p. 318, equation (3.2)]. 
By suitably iterating the above process of deriving (16) from Srivastava's ummation for- 
mula (9) a couple of times, we obtain 
-1 +k l  +k3 
k~=0k3=o k, \ k2 ) k3 
XFA (r) [a, -k l ,  -k l ,  -ks,  -k2, -k3, -k3, b7,..., br; 
OQ -~ 1,0~ I -+- l ,a  2 ~- I, OL2 -}- 1,0~ 3T I,C~3 + 1,57,... ,Cr; Xl,... ,Xr] 
: (C~l n I- 1)n1+1(O/2 -[- 1)n2+,(O~3 -I- 1)n3+1 (Xl -- 22) -1 (17) 
nl! n2! n3!(a-- 1)(a-- 2)(a - 3) 
X [ (x3 -x4) - l{ (xs -x6) - l F ( r ) [a -3 , -n l , -n l -1 , -n2 , -n2-1 , -n3 ,  
-n3  - 1, b7 , . . .  ,br ;oq + 1,C~l -~ 1,~2 ~- 1,0L2 + 1,~3 -~ 1,013 + 1, c7 , . . .  ,Cr; 
Xl , . . . ,X r ] -{ -25  ~ X6} ~-X3 ~ X4] -{-Xl ~ X2, 
where the right-hand side obviously has a total of 23 terms. 
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A considerably more involved expression can, of course, be derived similarly for the multiple 
Slim" 
. . . .  ( ) ) 
E E 
• FA (2~) [a , -k l , - k l , . . . , - k~, -k~;  O~1 ~- 1,O:1 ~- 1 . . . .  ,OL s + 1, a~ + 1; Xl , . . .  , J228]  
for s E N \ {1,2, 3}. The details are being omitted here. 
Finally, for a certain member of the class of the (Srivastava-Daoust) generalized Lauricella 
flmctions in r variables (el., e.g., [1, p. 38, equation 1.4(24)]), we can derive the following further 
generalization of the summation formula (16) by resorting to the method of multidimensional 
mathematical induction using (16) in conjunction with the Laplace and inverse Laplace transforms 
(see, for details, [7,8]): 
[ (Ap)  - 1 :  -n ;  -n -  1; (#q) 1 a+l ;  a+l ;  
k ~ q : l ;1 ;Va ; . . . ; v . , .  
k=0 
-k ;  -k;  ~P~3] , . . - ;  P ; 
/ (3)~ . {~(~)~ x l , . . . ,x , -  
c~+1; c t+ l ;  ~.cr~a);...,\ v, );  
q 
1-[ (~  - 1) 
(a q- 1)n+l j=l Fp:l;1;ua ...;u,. 
q: l ; i : va ; . . . ; v , .  P n! (x,  - x2) Fl (XJ - 1) 
j= i  
' 1 f (3)~ . (~(,.)~ x l , . . . ,x , -  + xl ~ x2, L~= ) ; . . . ,  t v , ) ;  
(18) 
where, for convenience, (/~p) abbreviates the array of p parameters 
/~1,'-" r~p, 
and (p~j)) abbreviates the array of uj parameters 
p[J), ~(J); (j = a, . ~), " " " , Pu j  " " 
with similar interpretations for ( ,q )and (cr(~)) (j : 3, . . .  ,r). 
REMARK 1. The summation formula (16) is indeed recoverable from the special case of (18) 
when 
p=q+l=u j  =v j  =1,  ( j=3 , . . . , r ) .  
REMARK 2. For r = 2, the summation formula (18) corresponds to a result due to Srivastava [7, 
p. 3, equation (2.1)]. 
REMARK 3. A three-variable (r = 3) case of the summation formula (18) is related rather closely 
to another esult'of Srivastava [8, p. 315, equation (2.1)], which (in turn) yields the main result 
of Pathan [6, p. 785, equation (2.3)] as a very specialized case. 
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